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1 Abstract
We study the inflation dynamics of generalized dilaton-axion models with a new Fayet-Iliopoulos
(FI) term. In particular, we find the relationships between the super-potential parameters and
the coefficient of natural logarithm of the real part of dilaton-axion fields stored in the Ka¨hler
potential based on the vacuum conditions at the end of inflation. We also evaluate the feasible
initial field values, their corresponding SUSY breaking scales and the iso-curvature parameters.
2 Introduction
Slow-roll parameters Range(s) Spectral indices Range(s)
V < 0.004 ns − 1 [−0.0423,−0.0327]
ηV [−0.021,−0.008] dnsd ln k [−0.008, 0.012]
ξV [−0.0045, 0.0096] d2nsd ln k2 [−0.003, 0.023]
Hhc < 2.7× 10−5Mpl Vhc <
(
1.7× 1016 GeV)4
Table 1: Slow roll potential parameters and spectral indices in Planck 2018
Inflation is the vital part for studying the birth of our universe and verifying the consistency of
the theory of quantum gravity [1, 2, 3]. The latest observation data are shown in Table 1 [5],
which are consistent with the slow roll approximation. There are many models satisfying the
observation [4, 5], one of which is the most promising model - Starobinsky model (also called
R2 inflation model), which can be motivated by, for example, modified gravity theory [2, 4,
10, 11, 12, 13, 14] and supergravity theory (SUGRA) [15, 16, 17, 18]. Since SUGRA describes
high energy physics beyond the Standard model (SM), gravity beyond the ΛCDM cosmological
model and the low energy effective theory of superstring theory, it has been adopted to study
the primordial dynamics of the universe evolution. In particular, the extension of Starobinsky
model in the new-minimal formulation of SUGRA is dual to the standard counterpart coupled
to a massive vector multiplet, or a massless vector multiplet and a Stu¨ckelberg chiral multiplet
with the Ka¨hler potential in the following form [19, 20, 21]
K
(
T, T¯
)
M2pl
= −ρ ln
(
T + T¯
Mpl
)
+ β˜
(
T + T¯
Mpl
)
, (1)
where the last term is the FI term of the gauged R-symmetry and spontaneous SUSY breaking
occurred after the inflation. [21] showed that this model can be consistent with observations
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only for ρ = 1, 2 with some non-perturbative corrections and SUSY is spontaneously broken
at the dS vacuum with gravitino mass in the TeV range. Furthermore, [24] finds that an
alternative non-vanishing FI terms [22, 23] can allow inflationary models having the following
forms of Ka¨hler potential K
K
(
T, T¯
)
M2pl
= −ρ ln
(
T + T
Mpl
)
. (2)
This Ka¨hler potential model generalizes various models such as no-scale SUGRA [25, 26, 27,
28, 29, 30, 31] and M theory compactification on a G2 manifold [32, 33, 34]. The model studied
in [24] describes the inflation from the real part of dilaton-axion chiral superfield T with a fixed
imaginary part at the dS vacuum. Thus, it is interesting to see how the inflation dynamics
changes when the imaginary part also evolves to contribute to the inflation dynamics. That is
the main theme of this paper.
In this paper, we are going to study the inflation dynamics of generalized dilaton-axion models,
where both the dilaton and its axionic partner simultaneously contribute to the evolution of
inflation. The organization of this paper is as follows. In section 3, we give the total potential
consisting of F term from the Ka¨hler potential given by Eq.(2) and the Polonyi type super-
potential, and D term potential from an alternative FI term [22, 23]. We give the derivatives
of the total potential, the possible ranges of parameters under the constraints of dS vacuum
and the corresponding SUSY breaking scales in section 4. We summarize our results of dS
vacuum in section 5 and the equations of motion (E.O.M.s) of the evolution of dilaton and
axion. In section 6, we give the initial conditions and parameters feasible for inflation based
on the constraints of Planck observation listed in Table 1 and e-folding number 50 to 60. We
discuss our results in section 7 and draw conclusions in section 8.
3 General model
Recall the F term potential in N = 1 supergravity (SUGRA) is
VF = e
K
M2
pl
(
KIJ¯DIWDJ¯W¯ −
3
M2pl
|W |2
)
. (3)
where
KIJ¯ ≡
∂2K
∂ΦI∂Φ¯J¯
, DIW ≡ ∂IW + 1
M2pl
(∂IK)W =
∂W
∂ΦI
+
1
M2pl
∂K
∂ΦI
W, (4)
ΦI is complex scalar field for all I from 1 to the dimension of the field space, the upper bar
means the complex conjugate of the corresponding variables/ fields, KIJ¯ is the inverse of the
Ka¨hler metric KIJ¯ and Mpl is the (reduced) Planck mass
1. Note that the Ka¨hler potential is
given by
K
(
T, T¯
)
M2pl
= −ρ ln
(
T + T¯
Mpl
)
, (5)
while the super-potential is given by
W (T ) = λ+ µT, (6)
1Since the mass dimensions of Ka¨hler potential K and super-potential W are 2 and 3 respectively, the (F
term) potential VF has the mass dimension of 4. (i.e. [K] = M
2
pl, [W ] = M
3
pl, [VF ] = M
4
pl)
2
where ρ ∈ N and λ, µ ∈ C are constants2. Note that the first and second derivatives of the
Ka¨hler potential are given by
KT = KT =
−ρM2pl
T + T
, KTT =
ρM2pl(
T + T
)2 , (7)
The first covariant (Ka¨hler) derivative of potential is
DTW = µ− ρ
T + T
(λ+ µT ) , (8)
and the F term potential is
VF =
−1
M2pl
(
T¯ + T
Mpl
)−ρ {
λ¯
(
µT¯ + 2λ+ 3µT
)
+ µ¯
(
T¯ (3λ+ 2µT ) + λT
)}
, (9)
or in terms of λ = λR + iλI , µ = µR + iµI , T = TR + iTI , ω1 = 2 (λRµR + λIµI), ω2 =
2 (λIµR − λRµI), ω21 + ω22 = 4 |µ|2 |λ|2, ω1 = ι1 |µ|2, ω2 = ι2 |µ|2,
M2plVF =
(
Mpl
2TR
)ρ{
(ρ− 3) (|λ|2 + ω2TI + |µ|2 T 2I )+ (ρ− 5)ω1TR + (ρ2 − 7ρ+ 4)ρ |µ|2 T 2R
}
.
(10)
For simplicity, we let
A (TI) =
1
M2pl
(
Mpl
2
)ρ
(ρ− 3) (|λ|2 + ω2TI + |µ|2 T 2I ) , (11)
B =
1
M2pl
(
Mpl
2
)ρ
(ρ− 5)ω1, C = 1
M2pl
(
Mpl
2
)ρ
(ρ2 − 7ρ+ 4)
ρ
|µ|2 , (12)
so that the F term potential becomes
VF = A (TI)T
−ρ
R +BT
1−ρ
R + CT
2−ρ
R . (13)
Even though the vacuum of a F term potential is generally AdS, we can obtain the dS vacuum by
introducing an abelian vector multiplet with the simplest Fayet-Iliopoulos (FI) type term [22, 23]
and eliminating the auxiliary field of the vector multiplet, which has a positive contribution
[24]
VD =
1
2
g2ξ2, (14)
where g is the gauge coupling and ξ is the real FI constant. Hence, in the rest of this paper,
we investigate the properties and inflation dynamics of the total potential V = VF + VD.
4 Derivatives of the total potential
To find our present universe after inflation, we set up some constraints on the derivatives of
the F term potential to find the minimum as follows. The first derivatives are
∂V
∂TR
= − ρA (TI)T−ρ−1R + (1− ρ)BT−ρR + (2− ρ)CT 1−ρR , (15)
2The mass dimensions of ρ, λ, λR, λI , µ, µR, µI , T , TR and TI are [ρ] = 1, [λ] = [λR] = [λI ] = M
3
pl,
[µ] = [µR] = [µI ] = M
2
pl, [T ] = [TR] = [TI ] = Mpl.
3
∂V
∂TI
=
1
M2pl
(
Mpl
2TR
)ρ
(ρ− 3) (ω2 + 2 |µ|2 TI) , (16)
while the second derivatives are
∂2V
∂T 2R
= (ρ+ 1) ρA (TI)T
−ρ−2
R + ρ (ρ− 1)BT−ρ−1R + (ρ− 1) (ρ− 2)CT−ρR , (17)
∂2V
∂TR∂TI
=
∂2V
∂TI∂TR
=
−2
M3pl
(
Mpl
2TR
)ρ+1
(ρ− 3)ρ (ω2 + 2 |µ|2 TI) , (18)
∂2V
∂T 2I
=
2
M2pl
(
Mpl
2TR
)ρ
(ρ− 3) |µ|2 . (19)
The minimum points are the solutions of the following equations
∂V
∂TR
= − T−ρ−1R
{
ρA (TI) + (ρ− 1)BTR + (ρ− 2)CT 2R
}
= 0
⇒ TR =
− (ρ− 1)B ±
√
(ρ− 1)2B2 − 4ρ (ρ− 2)A (TI)C
2 (ρ− 2)C ,
(20)
∂V
∂TI
=
1
M2pl
(
Mpl
2TR
)ρ
(ρ− 3) (ω2 + 2 |µ|2 TI) = 0 ⇒ TI = −ω2
2 |µ|2 = −
ι2
2
or ρ = 3, (21)
4.1 Suppose ρ 6= 3.
When TI =
−ω2
2|µ|2 = TI0, we have
A (TI0) =
ρ− 3
M2pl
(
Mpl
2
)ρ(
|λ|2 − ω
2
2
4 |µ|2
)
=
ρ− 3
M2pl
(
Mpl
2
)ρ
ω21
4 |µ|2 , (22)
and B and C are given by Eq.(12). The critical values of TR are given by
TR0 =
ρ [− (ρ− 1) (ρ− 5)± (ρ+ 1)]
2 (ρ− 2) (ρ2 − 7ρ+ 4)
ω1
|µ|2 =
−ρ (ρ− 3)
2 (ρ2 − 7ρ+ 4)
ω1
|µ|2 or
−ρ
2 (ρ− 2)
ω1
|µ|2 . (23)
Defining
TR0− =
−ρ (ρ− 3) ι1
2 (ρ2 − 7ρ+ 4) and TR0+ =
−ρι1
2 (ρ− 2) , (24)
we know that the positivity of TR0 give the ranges
3 of ρ as shown in Table 2.
To check whether the potential is physical at the critical points4, the mass matrix evaluated at
(TR0−, TI0) is(
∂2V
∂T 2R
∂2V
∂TR∂TI
∂2V
∂TI∂TR
∂2V
∂TI∂TI
)∣∣∣∣∣
(TR0−,TI0)
=
2 |µ|2
M2pl
[
(ρ2 − 7ρ+ 4)Mpl
−ρ (ρ− 3) ι1
]ρ(−(ρ+1)(ρ2−7ρ+4)
ρ(ρ−3) 0
0 (ρ− 3)
)
, (25)
3Note that the roots of ρ2 − 7ρ+ 4 = 0 are ρ = 12
(
7−√33) ≈ 0.627719 or ρ = 12 (7 +√33) ≈ 6.37228.
4It means the eigenvalues of the mass matrix are all positive.
4
Case(s) TR0− > 0 TR0+ > 0
ω1 > 0 (ι1 > 0) 0 < ρ <
(7−
√
33)
2
, 3 < ρ <
(7+
√
33)
2
0 < ρ < 2
ω1 < 0 (ι1 < 0) ρ < 0,
(7−
√
33)
2
< ρ < 3, ρ >
(7+
√
33)
2
ρ < 0, ρ > 2
Table 2: Possible ranges for satisfying the positivity of TR0
which has two positive eigenvalues if 3 < ρ < 7+
√
33
2
. The corresponding square masses of TR
and TI (evaluated at (TR0−, TI0)) are
M2TR
∣∣
(TR0−,TI0)
=
2 |µ|2
M2pl
[
(ρ2 − 7ρ+ 4)Mpl
−ρ (ρ− 3) ι1
]ρ
(ρ+ 1) (ρ2 − 7ρ+ 4)
−ρ (ρ− 3) , (26)
M2TI
∣∣
(TR0−,TI0)
=
2 |µ|2
M2pl
[
(ρ2 − 7ρ+ 4)Mpl
−ρ (ρ− 3) ι1
]ρ
(ρ− 3) , (27)
while their ratio is (
MTR
MTI
)2∣∣∣∣∣
(TR0−,TI0)
=
(ρ+ 1) (ρ2 − 7ρ+ 4)
−ρ (ρ− 3)2 . (28)
The counterpart evaluated (TR0+, TI0)(
∂2V
∂T 2R
∂2V
∂TR∂TI
∂2V
∂TI∂TR
∂2V
∂TI∂TI
)∣∣∣∣∣
(TR0+,TI0)
=
2 |µ|2
M2pl
[
(ρ− 2)Mpl
−ρι1
]ρ( (ρ+1)(ρ−2)
ρ
0
0 (ρ− 3)
)
. (29)
which has two positive eigenvalues if ρ > 3 and the corresponding square masses of TR and TI
(evaluated at (TR0+, TI0)) are
M2TR
∣∣
(TR0+,TI0)
=
2 |µ|2
M2pl
[
(ρ− 2)Mpl
−ρι1
]ρ
(ρ+ 1) (ρ− 2)
ρ
, (30)
M2TI
∣∣
(TR0+,TI0)
=
2 |µ|2
M2pl
[
(ρ− 2)Mpl
−ρι1
]ρ
(ρ− 3) , (31)
while their ratio is (
MTR
MTI
)2∣∣∣∣∣
(TR0+,TI0)
=
(ρ+ 1) (ρ− 2)
ρ (ρ− 3) . (32)
Combining with the ranges given by the positivity of TR0, we can finalize the possible ranges
to produce a dS vacuum as shown in Table 3. Now, based on the physically feasible ranges,
Case(s) TR0− > 0, λ1,2 > 0 TR0+ > 0, λ1,2 > 0
ω1 > 0 (ι1 > 0) 3 < ρ <
7+
√
33
2
×
ω1 < 0 (ι1 < 0) × ρ > 3
Table 3: Possible ranges for satisfying the positivity of TR0 and positive eigenvalues of the mass
matrix λ1, λ2
we can obtain the corresponding gravitino mass and the F term and D term SUSY breaking
scales.
5
4.1.1 Suppose ω1 > 0, 3 < ρ <
7+
√
33
2
.
The gravitino mass evaluated at (TR0−, TI0) is
M3/2− ≡ e
K
2M2
pl
M2pl
|W (T )|
∣∣∣∣∣∣∣
−
=
1
M2pl
(
Mpl(ρ− 2) (ρ2 − 7ρ+ 4)
− (ρ− 3) ρι1
)ρ/2
×
∣∣∣∣(ρ3 − 10ρ2 + 21ρ− 8) ι1µ2 (ρ− 2) (ρ2 − 7ρ+ 4)
∣∣∣∣ ,
(33)
which forms the following ratios with(
MTR
M3/2
)2∣∣∣∣∣
(TR0−,TI0)
=
−8 (ρ+ 1) (ρ2 − 7ρ+ 4)3
(ρ− 2)(ρ−2) ρ (ρ− 3) (ρ3 − 10ρ2 + 21ρ− 8)2
(
Mpl
ι1
)2
, (34)
The F term SUSY breaking scale evaluated at (TR0−, TI0) is
FT |− ≡ e
K
2M2
pl |DTW (T )|
∣∣∣∣∣
−
=
(
Mpl(ρ− 2) (ρ2 − 7ρ+ 4)
−(ρ− 3)ρι1
)ρ/2
×
∣∣∣∣(ρ− 7) (ρ− 2) (ρ− 1)µ2 (ρ− 3)
∣∣∣∣ .
(35)
while the D term SUSY breaking scale evaluated at (TR0−, TI0) is
1
2
g2ξ2
∣∣∣∣
−
≡ ι1 |µ|
2
ρMpl
(
(ρ2 − 7ρ+ 4)Mpl
−(ρ− 3)ρι1
)ρ−1
. (36)
4.1.2 Suppose ω1 < 0, ρ > 3.
The gravitino mass evaluated at (TR0+, TI0) is
M3/2+ ≡ e
K
2M2
pl
M2pl
|W (T )|
∣∣∣∣∣∣∣
+
=
1
M2pl
(
(ρ− 2)Mpl
−ρι1
)ρ/2
×
∣∣∣∣ −ι1µ(ρ− 2)
∣∣∣∣ , (37)
and the F term SUSY breaking scale evaluated at (TR0+, TI0) is
FT |+ ≡ e
K
2M2
pl |DTW (T )|
∣∣∣∣∣
+
=
(
(ρ− 2)Mpl
−ρι1
)ρ/2
× |0| = 0. (38)
while the D term SUSY breaking scale evaluated at (TR0+, TI0) is
1
2
g2ξ2
∣∣∣∣
+
≡ 3ι
2
1 |µ|2
M2pl (ρ− 2)2
(
(ρ− 2)Mpl
−ρι1
)ρ
. (39)
4.2 Suppose ρ = 3.
The total potential becomes
V = − Mpl
3
(
T¯ + T
)2 [3µλ¯+ µ¯ (2µT¯ + 3λ+ 2µT)]+ 12g2ξ2, (40)
6
or in terms of λ = λR + iλI , µ = µR + iµI , T = TR + iTI , ω1 = 2 (λRµR + λIµI), ω2 =
2 (λIµR − λRµI),
V (TR) =
−Mpl
8T 3R
(
8
3
|µ|2 T 2R + 2TRω1
)
+
1
2
g2ξ2, (41)
which is independent of the imaginary part of T , TI . This model does not form a double field
inflation model since the second derivative of V with respect to TI ,
∂2V
∂T 2I
is equal to zero, but it
can be considered as a single field model if we fix TI to some real values. To consider it as a
single field model and study the properties of minimum point, we first find the first and second
derivatives
∂V
∂TR
=
Mpl
6T 3R
(
2 |µ|2 TR + 3ω1
)
(42)
∂2V
∂T 2R
=
−Mpl
6T 4R
(
4 |µ|2 TR + 9ω1
)
(43)
Finding the minimum point by taking ∂V
∂TR
= 0, we have
∂V
∂TR
= 0 ⇒ TR = −3ω1
2 |µ|2 =
−3ι1
2
=: TR0. (44)
The second derivative evaluated at TR = TR0 is
∂2V
∂T 2R
∣∣∣∣
TR=TR0
= −8 |µ|
2Mpl
81ι31
. (45)
The positivity of TR and
∂2V
∂T 2R
∣∣∣
TR=TR0
requires ω1 < 0. The gravitino mass evaluated at TR = TR0
is
M3/2 ≡ e
K
2M2
pl
M2pl
|W (T )|
∣∣∣∣∣∣∣
TR=TR0
=
1
M2pl
(
Mpl
−3ι1
)3/2
×
∣∣∣∣∣−2ω1 + i
(
ω2 + 2 |µ|2 TI
)
2µ¯
∣∣∣∣∣ . (46)
The F term SUSY breaking scale (evaluated at TR = TR0) is
FT |0 ≡ e
K
2M2
pl |DTW (T )|
∣∣∣∣∣
TR=TR0
=
(
Mpl
−3ι1
)3/2
×
∣∣∣∣ iµ2ω1 (ω2 + 2 |µ|2 TI)
∣∣∣∣ , (47)
while the D term SUSY breaking scale (evaluated at TR = TR0) is
1
2
g2ξ2
∣∣∣∣
0
= −Mpl |µ|
4
9ω1
= −Mpl |µ|
2
9ι1
. (48)
5 A short summary of total potentials and required tools
for inflation analysis
5.1 Suppose ρ 6= 3.
5.1.1 Total potentials
By using Eq.(3), (27), (30) and Table 2, the total potentials (normalized by |µ|2) are given by
V = VF + VD, where
VF (TR, TI)
|µ|2 =
1
M2pl
(
Mpl
2TR
)ρ{
(ρ− 3)
[
(ι21 + ι
2
2)
4
+ ι2TI + T
2
I
]
+ (ρ− 5) ι1TR + (ρ
2 − 7ρ+ 4)
ρ
T 2R
}
,
(49)
7
and
VD
|µ|2 =
g2ξ2
2 |µ|2 =
ι1
ρMpl
(
(ρ2 − 7ρ+ 4)Mpl
− (ρ− 3) ρι1
)ρ−1
, (50)
if ω1 > 0 and 3 < ρ <
7+
√
33
2
, or
VD
|µ|2 =
g2ξ2
2 |µ|2 =
3ι21
M2pl (ρ− 2)2
(
(ρ− 2)Mpl
−ρι1
)ρ
. (51)
if ω1 < 0 and ρ > 3.
5.1.2 SUGRA Lagrangian setup
We are going to find the corresponding adiabatic and iso-curvature perturbation for double
field models. During inflation, since the non-zero vacuum expectation values of fermions break
the Lorentz symmetry, which is not physical during inflation, we assume that only bosons
contribute to the background of inflation dynamics. Hence, we consider the bosonic part of the
Lagrangian, which is given by [35]
L = √−gLSUGRA =
√−g
[
M2pl
2
R−Kij¯OµφiOµφ¯j¯ − V
]
, (52)
where V = VF + VD while VF and VD are F term potential and D term potential respectively.
The kinetic term in LSUGRA can be written as
Kij¯OµφiOµφ¯j¯ =
ρM2pl(
T + T¯
)2OµTOµT¯ = ρM2pl4T 2R (OµTROµTR + OµTIOµTI) . (53)
If we treat L in Eq.(52) in the Jordan frame, by Eq.(78), we obtain
f
(
φI
)
= f
(
φ1, φ2
)
=
1
2
M2pl, φ
1 = TR, φ
2 = TI , G˜IJ =
ρM2pl
2T 2R
δIJ , (54)
for all I, J ∈ {1, 2}. Since f (φI) is a constant, the metric in the field space in the Jordan frame
G˜IJ is the same as that in the Einstein frame GIJ . Thus, The conformal factor becomes
Ω2 = 1, (55)
and the metric of the field space in the Einstein frame is
GIJ =
ρM2pl
2T 2R
δIJ . (56)
We expand the fields to the first order around its classical background values
TR (x
µ) = TRb (t) + δTR (x
µ) , and TI (x
µ) = TIb (t) + δTI (x
µ) , (57)
The norm of the velocity vector is given by the background components of the fields as follows
σ˙2 = GIJ ϕ˙Iϕ˙J =
ρM2pl
2T 2Rb
(
T˙ 2Rb + T˙
2
Ib
)
⇒ σ˙ = Mpl|TRb|
√
ρ
2
√
T˙ 2Rb + T˙
2
Ib, (58)
where the norm σ˙ is defined to be positive. Since the background components of fields depend
on cosmic time t only, we can easily obtain the Laplacian as
φ = −
(
φ¨+ 3Hφ˙
)
, ∀φ ∈ {TRb, TIb} , (59)
8
and hence the equations of motion (E.O.M.)s of TRb and TIb are given by
−
(
T¨Rb + 3HT˙Rb
)
−
(−1
TRb
T˙ 2Rb +
1
TRb
T˙ 2Ib
)
− 2T
2
Rb
ρM2pl
VTR |b = 0,
−
(
T¨Ib + 3HT˙Ib
)
−
(−1
TRb
T˙RbT˙Ib − 1
TRb
T˙RbT˙Ib
)
− 2T
2
Rb
ρM2pl
VTI |b = 0,
(60)
where VTR |b and VTI |b are the first derivatives of the potential with respect to TR and TI
evaluated at the background respectively and the dot over TRb and TIb means the derivatives
of the corresponding background fields with respect to cosmic time t.
5.2 Suppose ρ = 3.
5.2.1 Total potentials and slow-roll parameters
Note that the total potential (normalized by |µ|2) are given by
V (TR)
|µ|2 =
−Mpl
8T 3R
(
8
3
T 2R + 2TRι1
)
− Mpl
9ι1
, (61)
which is independent of TI . Hence,
∂V
∂TI
=
∂2V
∂TR∂TI
=
∂2V
∂TI∂TR
=
∂2V
∂T 2I
= 0, ∀ (TR, TI) ∈ R2. (62)
5.2.2 Equations of motion
The bosonic part of Lagrangian and the kinetic terms of ρ = 3 case are given by Eq.(60).
Hence, the E.O.M.s of TR and TI become
−
(
T¨Rb + 3HT˙Rb
)
−
(−1
TRb
T˙ 2Rb +
1
TRb
T˙ 2Ib
)
− 2T
2
Rb
ρM2pl
VTR |b = 0,
−
(
T¨Ib + 3HT˙Ib
)
−
(−1
TRb
T˙RbT˙Ib − 1
TRb
T˙RbT˙Ib
)
= 0.
(63)
We will adopt Eq. (63) to evaluate their corresponding evolutions.
6 Numerical calculations
6.1 Suppose ρ 6= 3.
|µ| /M2pl Nhc TR′(N = 0) TI ′(N = 0)
3× 10−4 0 10−5 10−5
Table 4: Fixed values for numerical calculations
We are going to show the feasible parameters for inflation, and the corresponding βiso and
cos (∆) are evaluated based on that parameters. Recall βiso and cos (∆) are given by
βiso =
TSS (Nhc, Nend)
2
1 + TSS (Nhc, Nend)
2 + TRS (Nhc, Nend)
2 , (64)
9
cos (∆) =
TRS (Nhc, Nend)
2√
1 + TRS (Nhc, Nend)
2
(65)
First, we find the initial conditions based on the constraints of V , ηV , ns, Vhc listed in Table 1
and the initial conditions listed on Table 4, and extract some points for path evolution. Next,
we set some fixed parameters as shown in Table 4, while various sets of parameters are listed
in Table 5 for ρ = 4, Table 6 for ρ = 5 and Table 7 for ρ = 6 respectively.
6.1.1 Suppose ω1 > 0, 3 < ρ <
7+
√
33
2
.
In Figure 1, we show the possible positive values of TRhc
5, TIhc and ι2/ι1 based on the Planck
observation constraints listed in Table 1 at various ρ = 4, 5, 6. The ”C” shape tube regions
gradually change the color from red to green as ι1 gradually increases with a constant increment
(For details, please refer to the description of Figure 1). We extract some of the possible
parameters satisfying the e-folding constraints 50 ≤ Nend−Nhc ≤ 60 as listed in Table 5, 6 and
7, and their corresponding evolution paths are plotted in Figure 2. The colors correspond to
the counterparts of the paths shown in Figure 2. One can see that for ρ = 4, the background
fields move towards their corresponding minimum point (dS vacuum point)6 in a nearly straight
line, turn to the minimum point with a larger turn rate and then oscillate around the minimum
point. As ρ increases gradually up to 6, the background fields greatly turn in the initial stage,
move towards their corresponding minimum point and finally oscillate around the minimum
point.
Next, in Figure 3, we can see the evolutions of  and ησσ of all the listed parameter sets in Table
5, 6 and 7. Basically, starting from very small positive values, all the  (dotted) lines evolve and
keep at a close-to-zero value, surge to 3 after 50 e-folding and then oscillate between 0 and 3.
Also, ησσ (solid) lines start from a value very close to zero, evolve around zero and then sharply
increase at the end of inflation. That means the background fields roll slowly initially and then
run at an increasing rate, which is consistent with the mechanism of inflation. In Figure 4, after
dropping sharply from a large positive value to a small positive value, the effective mass square
of the entropy perturbation (µs/H)
2, which is given by Eq.(113), remains light and physical.
This shows that the trajectories roll from the plateau. Since µ2s is related to the curvature of the
potential in the direction orthogonal to the trajectory, light mass square means the curvature
orthogonal to the trajectory is small at the initial stage. When the background fields roll off
the ridge and reach 50 e-folding, the entropy mass square largely grows because the curvature
orthogonal to the trajectory is large and the turn rate becomes significant as the background
field oscillates around their corresponding minimum points.
6.1.2 Suppose ω1 < 0, ρ > 3.
Similar to the cases ω1 > 0, in Figure 7, we show the possible positive values of TRhc, TIhc and
ι2/ι1 based on the Planck observation constraints listed in Table 1 at various ρ = 4, 5, 6. The
”C” shape tube regions gradually change the color from red to green as ι1 gradually decreases
with a constant increment (For details, please refer to the description of Figure 7). We also ex-
tract some of the possible parameters satisfying the e-folding constraints 50 ≤ Nend−Nhc ≤ 60
5In this paper, we assume the first horizon crossing is the start of inflation. The subscript ”hc” means
”horizon crossing”.
6One can find their corresponding minimum point (TRend, TIend) in Table 5, 6 and 7. Here ”dS” means ”dS
vacuum”.
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Figure 1: Left: Regions of possible values of TRhc, TIhc ι2/ι1 for inflation based on the constraints
listed in Table 1 at various integers ρ, a fixed |µ| = 3 × 10−4M2pl and ω1 > 0 (ι1 > 0). Each
”C” shaped tube moves from red color to green color as ι1 increases. Please pay attention
to the direction of magnitude of each axis in each graph. 1st row: ρ = 4, from ι1 = 9Mpl
(red) to ι1 = 49Mpl (green) with an increment of 2Mpl; 2nd row: ρ = 5, from ι1 = 6Mpl (red)
to ι1 = 46Mpl (green) with an increment of 2Mpl; 3rd row: ρ = 6, from ι1 = 1Mpl (red) to
ι1 = 21Mpl (green) with an increment of 1Mpl. (These regions are restricted by Table 1 only
without the e-folding constraints 50 ≤ Nend−Nhc ≤ 60. ) Right: The trajectories of background
fields on the potential surface. 1st row: ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. Various colors
of the paths correspond to the parameter sets lised on Table 5, 6 and 7 respectively.
as listed in Table 8, 9 and 10, and their corresponding evolution paths are plotted in Figure 8.
One can see that for ρ = 4, the paths move towards their corresponding minimum point (dS
vacuum point) in a nearly a straight line, turn to the minimum point with a larger turn rate
and then oscillate around the minimum point. However, the extent of turning is smaller than
that of the evolution paths at ω1 > 0 and ρ = 4. As ρ increases gradually up to 6, the paths
11
Figure 2: Evolution paths of inflation dynamics at ω1 > 0 (ι1 > 0). 1st row: ρ = 4, 2nd row:
ρ = 5, 3rd row: ρ = 6. Various colors refer to various parameter sets listed on Table 5, 6 and
7 correspondingly.
change its shape into the form like turning greatly in the initial stage, moving towards their
corresponding minimum point and finally oscillating around the minimum point.
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Figure 3: Evolutions of slow-roll parameters  and ησσ at ω1 > 0 (ι1 > 0). 1st row: ρ = 4, 2nd
row: ρ = 5, 3rd row: ρ = 6. Various colors refer to various parameter sets listed on Table 5, 6
and 7 correspondingly. Dotted lines represent the evolutions of  while the solid lines represent
the counterpart of ησσ.
Next, in Figure 9, we can see the evolutions of  and ησσ of all the listed parameter sets in Table
8, 9 and 10. Basically, starting from very small positive values, all the  (dotted) lines evolve
and keep at a close-to-zero value, surge to 3 after 50 e-folding and then oscillate between 0 and
3. Also, ησσ lines start from a value very close to zero, evolve around zero and then sharply
increase at the end of inflation. In Figure 4, after dropping sharply from a large positive value
to a small positive value, the effective mass square of the entropy perturbation (µs/H)
2 remains
light and physical. This shows that the trajectory rolls from the plateau, where the field space
curvature orthogonal to the trajectory is small in the initial stage, to the minimum point, where
the entropy mass square largely grows.
6.2 Suppose ρ = 3.
The total potential is given by Eq.(61). The possible initial TRhc, ι1 = ω1/|µ|2 and |µ| are shown
in Figure 13. Also, the parameters of possible inflation are given by Table 11. The evolutions
of the background fields TR and TI are evaluated by their E.O.M.s Eq. (63). Basically, the
paths are straight lines from the initial starting points. Next, for slow-roll parameters as shown
in Figure 15, starting from a value very close to zero, they keep its low value and become
significant after 50 e-folding, which is consistent with the usual inflation mechanism. Apart
from these, from Figure 16, we can see that turn rates drop rapidly and keep nearly zero as
the background fields roll off the ridge. This shows that the fields turn for a little while and
roll straight off the ridge. Furthermore, in Figure 18, we can know that the evolutions of the
effective mass square of the entropy perturbation (µs/H)
2 remains nearly zero.
13
Figure 4: Square of effective mass per Hubble parameter (µs/H)
2 at ω1 > 0 (ι1 > 0). 1st row:
ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. The graphs on the right hand side (R.H.S.) are the close
shots of that on the left hand side (L.H.S.) near zero. Various colors refer to various parameter
sets listed on Table 5, 6 and 7 correspondingly.
7 Discussion
7.1 The scale of the potential
Referring to Figure 1 and 7, one can see that the evolution paths exist at different energy
scales. In fact, there are two main parameters affecting the potential scale. One is |µ|, and
another is ρ. Referring to Eq.(49), (50) and (51), one can see that the potential is directly
proportional to |µ|2, while the powers of
(
Mpl
2TR
)ρ
in Eq.(49),
(
(ρ2−7ρ+4)Mpl
−(ρ−3)ρι1
)ρ−1
in Eq.(50) and(
(ρ2−7ρ+4)Mpl
−(ρ−3)ρι1
)ρ−1
in Eq.(51) show ρ is related to the power of some field values and parame-
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Figure 5: 2 times of turn rate per Hubble parameter α = 2ω/H at ω1 > 0 (ι1 > 0). 1st row:
ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. Left graphs show the overall evolutions, while right
graphs focus on the changes at the end of inflation. Various colors refer to various parameter
sets listed on Table 8, 9 and 10 correspondingly.
ters. Since |µ| is held in a fixed scale O (10−4)Mpl, the difference lies in various ρ. Since the
scale of field values is O
(
102
)
Mpl, the potential scale decreases by 10
−2 times as ρ increases by 1.
7.2 Turn rate for ρ 6= 3
In Figure 2 and 8, one can see that there are path patterns with various extent of turning.
This can be tracked by Figure 5 (and 11) respectively. For example, for ω1 > 0 and ρ = 4,
when the background fields roll off from the initial point, there is no rigorous turning until the
end of inflation, leading to the evolution of 2ω/H close to zero. As they gradually approach
to their corresponding minimum points, Hubble scale H reduces gradually and the turning
15
Figure 6: β at ω1 > 0 (ι1 > 0). 1st row: ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. The graphs on
the right hand side (R.H.S.) are the close shots of that on the left hand side (L.H.S.). Various
colors refer to various parameter sets listed on Table 8, 9 and 10 correspondingly.
becomes rigorous, resulting in the gradual rise of 2ω/H. Finally, when they oscillate around
their minimum points, the turning becomes sharply rigorous, leading to the sudden surge of
2ω/H. Similar arguments can also be made for other cases by tracking the evolution paths and
the variations of 2ω/H.
7.3 The turning for ρ = 3 and the afterward evolution
From Figure 18, since the initial speeds of background fields have the small scale 10−5Mpl, it
is not obvious to see the turning. Hence, we demonstrate the inflation path with the greatest
possible initial speed of TI . The parameter sets are shown in Table 12 and their corresponding
evolution paths are shown in Figure 19. We can significantly see that the background fields
move along TI a little while and turn towards the decreasing TR direction. However, α (N)
16
Figure 7: Left: Regions of possible values of TRhc, TIhc ι2/ι1 for inflation based on the constraints
listed in Table 1 at various integers ρ, a fixed |µ| = 3 × 10−4M2pl and ω1 < 0 (ι1 < 0). Each
”C” like cylinder moves from red color to green color as ι1 increases. Please pay attention to
the direction of magnitude of each axis in each graph. 1st row: ρ = 4, from ι1 = −12Mpl (red)
to ι1 = −52Mpl (green) with an increment of 2Mpl; 2nd row: ρ = 5, from ι1 = −6Mpl (red)
to ι1 = −46Mpl (green) with an increment of 2Mpl; 3rd row: ρ = 6, from ι1 = −6Mpl (red)
to ι1 = −46Mpl (green) with an increment of 2Mpl. (These regions are restricted by Table
1 only without the e-folding constraints 50 ≤ Nend − Nhc ≤ 60. ) Right: The trajectories
of background fields on the potential surface. 1st row: ρ = 4, 2nd row: ρ = 5, 3rd row:
ρ = 6. Various colors of the paths correspond to the parameter sets lised on Table 8, 9 and 10
respectively.
is reduced as the initial speed of background fields increases. That is because the turn rate
per Hubble parameter is mainly inversely proportional to the resultant field rate. Hence, even
though it is not significant to see the turning in the field evolution graph, the initial α (N) is
comparatively large, and vice versa. After that, the background fields keep its TI coordinate
17
Figure 8: Evolution paths of inflation dynamics at ω1 < 0 (ι1 < 0). 1st row: ρ = 4, 2nd row:
ρ = 5, 3rd row: ρ = 6. Various colors refer to various parameter sets listed on Table 8, 9 and
10 correspondingly.
when they continue rolling. This is because Hubble parameter and T˙R/TR in Eq.(63) act as
friction terms to stabilize the curve at a constant TI coordinate.
7.4 The smallness of βiso and cos (∆)
To understand the smallness of βiso and cos (∆), we should consider the reason of smallness
of TSS and TRS , since they are related by Eq.(64) and (65). By Eq.(118) and (119) (or by
Eq.(116) and (117)), we can see that TSS and TRS depend on the strengths of α (turn rate per
Hubble parameter) and β. By Figure 5, 6, 11 and 12, we can see α (N) is nearly zero, while
β (N) keeps negative from Nhc to Nend. These show that TSS becomes exponentially suppressed
18
Figure 9: Evolutions of slow-roll parameters at ω1 < 0 (ι1 < 0). 1st row: ρ = 4, 2nd row:
ρ = 5, 3rd row: ρ = 6. Various colors refer to various parameter sets listed on Table 8, 9 and
10 correspondingly. Dotted lines represent the evolutions of  while the solid lines represent the
counterpart of ησσ.
and there is very small contribution by each dN in the integration of TRS , leading to smallness
of TSS and TRS , and so are βiso and cos (∆).
8 Conclusion
We studied the inflation dynamics of generalized dilaton-axion models with a new Fayet-
Iliopoulos (FI) term not requiring gauging R-symmetry, where both dilaton TR and its axionic
partner TI are responsible for contributing the evolution of inflation. We found that to obtain
dS vacuum at the end of inflation, integer ρ in the generalized Ka¨hler potential is constrained
at different cases of ω1. Particularly, when ρ = 3, the axionic partner does not contribute to the
inflation as it is absent in the total potential. We also evaluated the feasible initial conditions to
produce successful inflation based on Planck observation and e-folding constraint and showed
different evolution paths with various turning patterns of the background field. This shows
that apart from slow roll parameters, spectral index and inflation energy scale, the change of
turn rates can also be one of the fingerprints to identify the specific inflation pattern in double
field model verification. Finally, we gave the predictions of iso-curvature mode contributions
such as βiso and cos ∆.
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Figure 10: Square of effective mass per Hubble parameter (µs/H)
2 at ω1 < 0 (ι1 < 0). 1st
row: ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. The graphs on the right hand side (R.H.S.) are
the close shots of that on the left hand side (L.H.S.) near zero. Various colors refer to various
parameter sets listed on Table 8, 9 and 10 correspondingly.
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A Christoffel symbols and curvatures of field spaces
Given that the metric of the field space in the Einstein frame is given by
GIJ =
ρM2pl
2T 2R
δIJ ∀ I, J ∈ {1, 2} , (66)
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Figure 11: 2 times of turn rate per Hubble parameter α = 2ω/H at ω1 < 0 (ι1 < 0). 1st row:
ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. The graphs on the right hand side (R.H.S.) are the
close shots of that on the left hand side (L.H.S.). Various colors refer to various parameter
sets listed on Table 8, 9 and 10 correspondingly. Left graphs show the overall evolutions, while
right graphs are the closed shots at the end of inflation.
the non-zero Christoffel symbols defined by
ΓIJK =
1
2
GIL (GLJ,K + GLK,J − GJK,L) , (67)
are
−Γ111 = Γ122 = −Γ212 = −Γ221 =
1
TR
. (68)
The non-zero curvature tensors defined by
RIJKL = ∂KΓ
I
JL + Γ
I
CKΓ
C
JL −
(
∂LΓ
I
JK + Γ
I
CLΓ
C
JK
)
, (69)
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Figure 12: β at ω1 < 0 (ι1 < 0). 1st row: ρ = 4, 2nd row: ρ = 5, 3rd row: ρ = 6. The
graphs on the right hand side (R.H.S.) are the close shots of that on the left hand side (L.H.S.).
Various colors refer to various parameter sets listed on Table 8, 9 and 10 correspondingly.
are
−R1212 = R1221 = R2112 = −R2121 =
1
T 2R
, (70)
which gives the Ricci tensor defined by RJL = GKI RIJKL = RIJIL as
R11 = R22 = − 1
T 2R
, (71)
and the curvature scalar, defined by R ≡ GIJRIJ , as
R = − 4
ρM2pl
. (72)
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Figure 13: Left: A region of possible values of TRhc/Mpl, ι1/Mpl and |µ| /M2pl for inflation based
on the constraints listed in Table 1. Right: The evolution of background fields on the potential
surface. The colors of the lines correspond to the parameter sets listed in Table 1.
Figure 14: Evolution paths of inflation dynamics at ρ = 3. Various colors refer to various
parameter sets listed on Table 11.
Figure 15: Evolutions of slow-roll parameters  and ησσ for ρ = 3. Various colors refer to
various parameter sets listed on Table 11. Dotted lines represent the evolutions of  while the
solid lines represent the counterpart of ησσ.
B A formalism of Double Field Inflation
In this section, we follow the derivation in [6] and [9]. Note that in the Jordan frame, the
Lagrangian is
SJordan =
∫
d4x
√
−g˜
[
f
(
φI
)
R˜− 1
2
G˜IJ g˜µνO˜µφIO˜νφJ − V˜
(
φI
)]
. (73)
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Figure 16: Left: Evolutions of the turn rate per Hubble parameter α (N) = 2ω (N) /H (N).
Right: A close shot of evolutions of α (N) for ρ = 3. Various colors refer to various parameter
sets listed on Table 11.
Figure 17: Left: Evolutions of β (N). Right: A closed shot of evolutions of β (N) for ρ = 3.
Various colors refer to various parameter sets listed on Table 11.
Figure 18: Left: Evolutions of (µs/H)
2 for ρ = 3. Right: A close shot from 0 to 4 e-foldings.
Various colors refer to various parameter sets listed on Table 11.
where f
(
φI
)
is the non-minimal coupling function and V˜
(
φI
)
is the potential for the scalar
fields in the Jordan frame. To change the equation in Jordan frame into the counterpart in
Einstein frame, we define a spacetime metric in the Einstein frame gµν (x) as
gµν (x) = Ω
2 (x) g˜µν (x) , (74)
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Figure 19: Field evolution at different α (N) (Left) and their corresponding initial turn rate per
Hubble parameter (Right). Here, the field value TI does not affect the strength of α (N). Thus,
for obvious observation, we evaluate at different TI . Various colors refer to various parameter
sets listed on Table 12.
where the conformal factor Ω2 (x) is given by
Ω2 (x) =
2
M2pl
f
(
φI (x)
)
. (75)
Then, the action in Jordan frame becomes that in Einstein frame, which is given by
SEinstein =
∫
d4x
√−g
[
M2pl
2
R− 1
2
GIJgµνOµφIOνφJ − V
(
φI
)]
. (76)
and the potential in the Einstein frame becomes
V
(
φI
)
=
V˜
(
φI
)
Ω4 (x)
=
M4pl
4f 2 (φI)
V˜
(
φI
)
. (77)
The coefficients GIJ of the non-canonical kinetic terms in the Einstein frame depend on the
non-minimal coupling function f
(
φI
)
and its derivatives. They are given by
GIJ
(
φK
)
=
M2pl
2f (φL)
[
G˜IJ
(
φK
)
+
3
f (φL)
f,If,J
]
, (78)
where f,I =
∂f
∂φI
. Varying the action in Einstein frame with respect to gµν (x), we have the
Einstein equations
Rµν − 1
2
gµνR =
1
M2pl
Tµν , (79)
where
Tµν = GIJ∂µφI∂νφJ − gµν
[
1
2
GKL∂γφK∂γφL + V
(
φK
)]
. (80)
Varying Eq. (77) with respect to φI , we obtain the equation of motion for φI
φI + gµνΓIJK∂µφJ∂νφK − GIKV,K = 0, (81)
where φI = gµνφI;µν and ΓIJK is the Christoffel symbol for the field space manifold in terms
of GIJ and its derivative. Expanding each scalar field to the first order around its classical
background value,
φI (xµ) = ϕI (t) + δφI (xµ) , (82)
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and perturbing a spatially flat Friedmann-Robertson-Walker (FRW) metric,
ds2 = gµνdx
µdxν = − (1 + 2A) dt2 + 2a (∂iB) dxidt+ a2 [(1− 2ψ) δij + 2∂i∂jE] dxidxj, (83)
where a (t) is the scale factor. To the zeroth order, the 00 and ij components of the Einstein
equations become
H2 =
1
3M2pl
[
1
2
GIJ ϕ˙Iϕ˙J + V
(
ϕI
)]
, (84)
H˙ = − 1
2M2pl
GIJ ϕ˙Iϕ˙J , (85)
where H = a˙(t)
a(t)
is the Hubble parameter, and the field field space metric is calculated at the
zeroth order, GIJ = GIJ
(
ϕK
)
. Introducing the number of e-folding N = ln a with dN = Hdt,
the above Einstein equation becomes
3M2pl −
1
2
GIJϕI ′ϕJ ′ =
V
(
ϕI
)
H2
, (86)
H ′
H
= − 1
2M2pl
GIJϕI ′ϕJ ′, (87)
where the prime ′ means the derivative with respect to N . For any vector in the field space AI ,
we define a covariant derivative with respect to the field-space metric as usual by
DJAI = ∂JAI + ΓIJKAK , (88)
and the time derivative with respect to the cosmic time t is given by
DtAI ≡ ϕ˙JDJAI = A˙I + ΓIJKϕ˙JAK = H
(
AI
′
+ ΓIJKϕ
J ′AK
)
. (89)
Now, we define the length of the velocity vector for the background fields as
|ϕ˙I |≡ σ˙ =
√
GPQϕ˙P ϕ˙Q ⇒ |ϕI ′|≡ σ′ =
√
GPQϕP ′ϕQ′. (90)
Introducing the unit vector of the velocity vector of the background fields
σˆI ≡ ϕ˙
I
σ˙
=
ϕI
′
σ′
=
ϕI
′√
GPQϕP ′ϕQ′
(91)
the 00 and ij components of the Einstein equations become
H2 =
1
3M2pl
[
1
2
σ˙2 + V
]
⇔ 3M2pl −
1
2
σ′2 =
V
(
ϕI
)
H2
⇔ V
M2plH
2
= (3− ) , (92)
H˙ = − 1
2M2pl
σ˙2 ⇔ H
′
H
= − 1
2M2pl
σ′2 ⇔ σ˙
2
M2plH
2
= 2, (93)
and the equation of motion of φI in the zeroth order is
σ¨ + 3Hσ˙ + V,σ = 0 ⇔ σ¨
Hσ˙
= −3− 3− 
2
d
dN
(lnV ) , (94)
where
V,σ ≡ σˆIV,I . (95)
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and  is the first order Hubble slow-roll parameter defined in Eq.(98). Now, we define a quantity
sˆIJ to obtain the field component orthogonal to σˆI
sˆIJ ≡ GIJ − σˆI σˆJ , (96)
which obeys the following relations with σˆI
σˆI σˆ
I = 1,
sˆIJ sˆIJ = N − 1,
sˆIAsˆ
A
J = sˆ
I
J ,
σˆI sˆ
IJ = 0 ∀J.
(97)
The slow-roll parameters are given by
 ≡ − H˙
H2
=
3σ˙2
σ˙2 + 2V
⇔ σ˙
2
V
=
2
3− , (98)
and
ησσ ≡M2pl
Mσσ
V
and ηss ≡M2pl
Mss
V
, (99)
where MIJ is the effective mass squared matrix given by
MIJ ≡ GIK (DJDKV )−RILMJ ϕ˙Lϕ˙M ,
MσJ ≡ σˆIMIJ = σˆK (DKDJV ) ,
Mσσ ≡ σˆI σˆJMIJ = σˆK σˆJ (DKDJV ) ,
MsJ ≡ sˆIMIJ = sˆI
(GIK (DJDKV )−RILMJ ϕ˙Lϕ˙M) ,
Mss ≡ sˆI sˆJMIJ = sˆI sˆJ
(GIK (DJDKV )−RILMJ ϕ˙Lϕ˙M) ,
(100)
and sˆI is defined in the following argument. Now we define the turn-rate vector ωI as the
covariant rate of change of the unit vector σˆI
ωI ≡ DtσˆI = − 1
σ˙
V,K sˆ
IK =
−1
Hσ′
V,K sˆ
IK . (101)
Since ωI ∝ sˆIK , we have
ωI σˆI = 0. (102)
We can also find
DtsˆIJ = −σˆIωJ − σˆJωI . (103)
Also, we introduce a new unit vector sˆI pointing in the direction of the turn-rate, ωI , and a
new projection operator γIJ
sˆI ≡ ω
I
ω
, (104)
γIJ ≡ GIJ − σˆI σˆJ − sˆI sˆJ . (105)
where ω = |ωI | is the magnitude of the turn-rate vector. The new unit vector sˆI and the new
projection operator γIJ also satisfy
sˆIJ =sˆI sˆJ + γIJ ,
γIJγIJ =N − 2,
sˆIJ sˆJ =sˆ
I ,
σˆI sˆ
I =σˆIγ
IJ = sˆIγ
IJ = 0 ∀J.
(106)
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We then find
DtsˆI = −ωσˆI − ΠI ,DtγIJ = sˆIγJ + sˆJγI , (107)
where
ΠI ≡ 1
ω
MσKγIK , (108)
and hence
σˆIΠ
I = sˆIΠ
I = 0, (109)
Now, we define the curvature and entropic perturbations as follows
R = ψ + H
σ˙
σˆJδφ
J =
H
σ˙
Qσ, (110)
S = H
σ˙
Qs, (111)
whose E.O.M.s are given by [9]
Q¨σ + 3HQ˙σ +
[(
k
a
)2
+Mσσ − ω2 − 1
M2pla
3
d
dt
(
a3σ˙2
H
)]
Qσ = 2
d
dt
(ωQs)− 2
(
V,σ
σ˙
+
H˙
H
)
ωQs,
Q¨s + 3HQ˙s +
[(
k
a
)2
+Mss + 3ω2
]
Qs = 4M
2
pl
ω
σ˙
k2
a2
Ψ,
(112)
where Ψ is the gauge-invariant Bardeen potential [7, 8], Mσσ and Mss are given by Eq.(100)
and
µ2s =Mss + 3ω2, (113)
is an effective square mass of entropy perturbations. After the first horizon crossing, the co-
moving wave number k obeys k
aH
< 1. Hence, the curvature and entropic perturbations satisfy
the following equations
R˙ = αHS +O
(
k2
a2H2
)
, (114)
S˙ = βHS +O
(
k2
a2H2
)
, (115)
which allows us to write the transfer functions
TRS (thc, t) =
∫ t
thc
dt′α (t′)H (t′)TSS (thc, t′) , (116)
TSS (thc, t) = exp
[∫ t
thc
dt′β (t′)H (t′)
]
. (117)
where thc is the time of the first horizon crossing. Being changed from the cosmic time t into
the number of e-folding N = ln a, where dN = Hdt7, TRS (thc, t) and TSS (thc, t) become
TRS (Nhc, N) =
∫ N
Nhc
dN ′α (N ′)TSS (Nhc, N ′) , (118)
7In some literatures like [9], N∗ = Ntot −N (t) is used and the corresponding differential equation becomes
dN∗ = −Hdt. But, in this paper, we keep using dN = Hdt.
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and
TSS (Nhc, N) = exp
[∫ N
Nhc
dN ′β (N ′)
]
. (119)
Now that the E.O.M.s of curvature and entropic perturbations are [6]
R˙ = 2ωS +O
(
k2
a2H2
)
, (120)
and
Q˙s ' − µ
2
s
3H
Qs, (121)
where the effective squared mass of the entropy perturbation can be written as that relative to
the Hubble scale as
µ2s =Mss + 3ω2 ⇔
µ2s
H2
= (3− ) ηss + 3
4
α2, (122)
and ' means slow-roll approximation and α is given in Eq.(123). Comparing with Eq.(110),
(111), (114) and (115) with Eq.(120) and (121) [6], we obtain
α (t) =
2ω (t)
H (t)
⇔ α (N) = 2ω (N)
H (N)
, (123)
and
β = − µ
2
s
3H2
− − σ¨
Hσ˙
= −ηss
(
1− 1
3

)
+ (3− ) + 3− 
2
d
dN
(lnV )− 1
4
α2, (124)
Note that the power spectrum for the gauge invariant curvature perturbation is given by
〈R (k1)R (k2)〉 = (2pi)3 δ(3) (k1 + k2)PR (k1) , (125)
where PR (k) = |R|2. The dimensionless power spectrum is
PR = k
3
2pi2
|R|2, (126)
and the spectral index is defined as
ns ≡ 1 + d lnPR
d ln khc
, (127)
where khc = a (thc)H (thc) represents the pivot scale at the first horizon crossing thc, which is
related to the cosmic time t by
d ln k
dt
=
d (aH)
dt
=
a˙
a
+
H˙
H
= H
(
1 +
H˙
H2
)
= (1− )H. (128)
Using the transfer function, we can relate the power spectra of adiabatic and entropic pertur-
bations at time thc to its value at some later time t > thc with the corresponding pivot scale k
as
PR (k) = PR (khc)
[
1 + T 2RS (thc, t)
]
,
PS (k) = PR (khc)T 2SS (thc, t) ,
(129)
29
The transfer functions are given by
1
H (thc)
∂TRS (thc, t)
∂thc
= −α (thc)− β (thc)TSS (thc, t) ,
1
H (thc)
∂TSS (thc, t)
∂thc
= −β (thc)TSS (thc, t) .
(130)
In term of the number of e-folding N , the above differential equation becomes
∂TRS (Nhc, N)
∂Nhc
= −α (Nhc)− β (Nhc)TSS (Nhc, N) ,
∂TSS (Nhc, N)
∂Nhc
= −β (Nhc)TSS (Nhc, N) .
(131)
The spectral index for the power spectrum of the adiabatic fluctuations becomes
ns ' ns (thc) + 1
H
(
∂TRS
∂thc
)
sin 2∆, (132)
where
ns (thc) = 1− 6 (thc) + 2ησσ (thc) , (133)
and the trigonometric functions for TRS are defined as
sin ∆ ≡ 1√
1 + T 2RS
, cos ∆ ≡ TRS√
1 + T 2RS
, tan ∆ ≡ 1
TRS
. (134)
The iso-curvature fraction is given by
βiso ≡ PSPR + PS =
T 2SS
1 + T 2SS + T
2
RS
, (135)
which can be used for compared with the recent observables in Planck collaboration. Also, the
tensor-to-scalar ratio is given by
r ' 16
1 + T 2RS
. (136)
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